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. , $a:[0, \infty)arrow \mathbb{R},$ $b:[0, \infty)arrow(0, \infty),$ $f$ : $\mathbb{R}^{2}arrow[0, \infty)$ ,
$g$ : $\mathbb{R}arrow \mathbb{R}$





$V(t, x, x’)= \frac{(x’)^{2}}{b(t)}+2\int_{0}^{x}g(\xi)d\xi$
, (1) .
Theorem A. (2) . , $\rho$
.
$v_{0}(v_{0}\neq 0, |v_{0}|\leq\rho)$ $|u|\leq\eta$
$f(u, v_{0})\neq 0$ $\eta=\eta(v_{0})>0$ , (3)
$2a(t)b(t)f(u, v)+b’(t)\geq 0$ for $t\geq 0,$ $|u|\leq\rho,$ $|v|\leq\rho$ . (4)
$t\geq 0$ $a(t)\geq\gamma b(t)$ $\gamma$ (5)
. , (1) $x=x’=0$ .
, Cantarelli [2] (1) Li\’enard
$x”+f(x)x’+b(t)g(x)=0$ (6)
. , $b:(0, \infty)arrow(0, \infty)$ $C^{1}-$ , $f(x)$ $g(x)$ $\mathbb{R}$
. , $g(x)$ $g(0)=0$ .
$G(x)= \int_{0}^{x}g(\xi)d\xi$





$\inf_{|x|<r}2f(x)\geq\sup_{t\geq 0}(-\frac{b’(t)}{b(t)})$ $r$ , (8)
$\lim_{xarrow 0}\frac{G(x)}{|x|^{c}}=K$ $c\geq 2$ $K$ , (9)
$t\geq 0$ $b(t)\leq\overline{b}$
$\overline{b}$ . (10)
, (6) $x=x’=0$ .
,
$x”+x’+(5e^{-4t}+\sin t+\cos t+3)x=0$ (11)
117
$x=x’=0$ . (11) , (1)
$a(t)=1$ , $b(t)=5e^{-4t}+\sin t+\cos t+3$ , $f(x, x’)=1$ , $g(x)=x$
. (3) (5) .
$2b(t)+b’(t)=2(5e^{-4t}+\sin t+\cos t+3)+$ ( $-20e^{-4t}+\cos$ t-sin $t$)
$=-10e^{-4t}+\sin t+3\cos t+6$
$2b(0)+b’(0)=-1$
, (4) . , Theorem A (11)
. , (11) , (6)
$b(t)=5e^{-4t}+\sin t+\cos t+3$ , $f(x)=1$ , $g(x)=x$




$\sup_{t\geq 0}(-\frac{b’(t)}{b(t)})=\sup_{t\geq 0}(-\frac{-20e^{-4t}+\cos t-\sin t}{5e^{-4t}+\sin t+\cos t+3})\geq-\frac{b’(0)}{b(0)}=\frac{19}{9}>2$
, (8) . , Theorem $\mathrm{B}$ (11)
. , 2 Theorem 1








. , $g_{1}(x),$ $g_{2}(x)$
$xg_{i}(x)>0$ if $x\neq 0$ $(i=1,2)$ $(A_{1})$
$\mathbb{R}$ . , $p(t),$ $q(t)$ $\alpha$
$[\alpha, \infty)$ . , $(E^{*})$







Theorem 1. $(A_{1})$ . ,
$p(t)xg_{1}(x) \geq\frac{1}{4}x^{2}$ for $t\geq\alpha,$ $x\in \mathbb{R}$ , $(A_{2}^{*})$
$p’(t)\leq 0$ for $t\geq\alpha$ , (A3)
$\lim_{tarrow\infty}p(t)>0$ , $(A_{4})$
$q(t)xg_{2}(x)\geq q’(t)G_{2}(x)$ for $t\geq\alpha,$ $x\in \mathbb{R}$ , $(A_{5}^{*})$
$0\leq q(t)<\infty$ for $t\geq\alpha$ , $(A_{6})$





Theorem 1 $(E^{*})$ ,




2 . . , $(E^{*})$
. , Liapunov
, $(E^{*})$ . , $(E^{*})$
2 . Case(a)
, Liapunov , $(E^{*})$
. Case(b) , $(E^{*})$
$R_{1}=$ { $(x,$ $y):x>\mathrm{O}$ and $x/2<y<x$} $R_{2}=$ { $(x,$ $y):x<\mathrm{O}$ and $x<y<x/2$}
.
, Theorem A Theorem $\mathrm{B}$ ,
$x”$
. $+x’.+(5e^{-4t}+\sin t+\cos t+3)x=0$ (11)
$x=x’=0$ . , Theorem 1







. , , $(A,),$ $(A.),$ $(A_{4}),$ $(A_{6})$ .
, $(A\ovalbox{\tt\small REJECT})$ (A-)
$p(t)xg_{1}(x)=(5e^{-4t}+1)x^{2}> \frac{1}{4}x^{2}$ for $t\geq 0,$ $x\in \mathbb{R}$
$q(t)xg_{2}(x)-q’(t)G_{2}(x)=( \frac{3}{2}\sin t+\frac{1}{2}\cos t+2)x^{2}\geq 0$ for $t\geq 0,$ $x\in \mathbb{R}$
. , (12) . ,
(11) . (12) .
(a) (b)
Figure 1
Figure 1 , (12) .
Figure 1(a) , $(x(0), y(0))=(10,30),$ $(15,10),$ $(15, -1),$ $(-10, -30),$ $(-15,1)$ ,
(-15, -10) . Figure $1(\mathrm{b})$
$(16, 30)$ , , $t_{0}=0,5,10,15,20$ .
, Theorem A Theorem $\mathrm{B}$ , $(E^{*})$ $g_{1}(x)$ $g_{2}(x)$
, Theorem 1 . ,
Li\’enard






Figure 2 , (13) . Fig-
ure $2(\mathrm{a})$ , $(x(0), y(0))=(10,30),$ $(15,10),$ $(15, -10),$ $(-10, -30),$ $(-15, -10)$ ,
(-15, 10) . Figure $2(\mathrm{b})$ , $(16, 30)$








, $F(x)$ $\mathbb{R}$ ,
. , $(A_{1})$ , (A3), $(A_{4}),$ $(A_{6})$
$xF(x)>0$ if $x\neq 0$ $(A_{7})$
. , $|x|arrow\infty$ $|F(x)|arrow\infty$ . ,
$D^{+}=$ { $(x,$ $y):x>\mathrm{O}$ and $y>F(x)$ } $D^{-}=$ { $(x,$ $y):x<\mathrm{O}$ and $y<F(x)$ }
(E) $y=F(x)$
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, (E) . , $D^{\ovalbox{\tt\small REJECT}}$ $D^{-}$
$\lim_{xarrow\infty}\{G_{1}(x)+F(x)\}=\infty$ and $\lim_{xarrow-\infty}\{G_{1}(x)-F(x)\}=\infty$ $(A_{8})$
. , $(A_{2}^{*})$ $(A_{5}^{*})$
$p(t)xg_{1}(x) \geq\frac{1}{4}F^{2}(x)$ for $t\geq\alpha,$ $x\in \mathbb{R}$ $(A_{2})$
$q(t)F(x)g_{2}(x)\geq q’(t)G_{2}(x)$ for $t\geq\alpha,$ $x\in \mathbb{R}$ , (A5)
. , (E)
.
Theorem 2. $(A_{1})-(A_{8})$ . , (E)
.
Remark. (A2), (A3), $(A_{8})$
$\lim_{|x|arrow\infty}G_{1}(x)=\infty$
.




2 . , $\hat{\theta}$
$\theta(t)[searrow]\hat{\theta}$ as $tarrow\infty$
. Theorem 1 , , (E)
. , Liapunov ,
(E) . , (E)
2 . Case(a) , Theorem 1
, (E) $\text{ }$ . Case(b) ,
(E) $R_{3}=$ { $(x,$ $y):x>\mathrm{O}$ and $\tan\hat{\theta}<y/x<\tan(\theta+\epsilon)$ }
$R_{4}=$ { $(x,$ $y):x<\mathrm{O}$ and $\tan\hat{\theta}<y/x<\tan(\hat{\theta}+\epsilon)$}
.
Theorem 1 , (E) $F(x)=x$ , Theorem 2







[1] $\mathrm{T}.\mathrm{A}$ . Burton, On the equation $x”+f(x)h(x’)x’+g(x)=e(t)$ , Ann. Mat. Pura Appl.
85 (1970) 277-285.
[2] G. Cantareffi, On the stability of the origin of anon autonomous Li\’enard equation,
Boll. Un. Mat. Ital. (7) 1O-A (1996) 563-573.
[3] L. Hatvani, On the stability of the zero solution of nonlinear second order differential
equations, Acta Sci. Math. (Szeged) 57 (1993) 367-371.
[4] $\mathrm{J}.\mathrm{W}$ . Heidel, ALiapunov function for ageneralized Li\’enard equation, J. Math.
Anal. Appl. 39 (1972) 192-197.
[5] J.-F. Jiang, The global stability of aclass of second order differential equations,
Nonlinear Anal. 28 (1997) 855-870.
[6] $\mathrm{J}.\mathrm{P}$ . LaSale, S. Lefschetz, Stability by Liapunov’s Direct Method, Academic Press,
New York, 1961.
[7] C. Qian, On global asymptotic stability of second order nonlinear differential sys-
tems, Nonlinear Anal. 22 (1994) 823-833.
[8] G. Seifert, Global asymptotic behavior of solutions of positively damped Li\’enard
equations, Ann. Polon. Math. 51 (1990) 283-288.
[9] J. Sugie, D.-L. Chen, H. Matsunaga, On global asymptotic stability.of systems of
Li\’enard type, J. Math. Anal. Appl. 219 (1998) 140-164.
[10] J. Sugie, Li\’enard dynamics with an open limit orbit, NoDEA Nonlinear Differential
Equations Appl. 8(2001) 83-97.
[11] T. Wiandt, Acounterexample to aconjecture on the global asymptotic stability for
Li\’enard equation, Appl. Anal. 56 (1995) 207-212.
[12] T. Yoshizawa, Stability Theory by Liapunov’s Second Method, Math. Soc. Japan,
Tokyo, 1966.
123
